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Abstract 

The fourth-order ordinary differential equation, defining new tran- 
scendents, is studied. The self-similar solutions of the Kaup-Kupershmidt 
and Savada-Kotera equations are shown to be found taking its solu- 
tions into account. Equation studied belongs to the class of fourth- 
order analogues of the Painleve equations. All the power and non- 
power asymptotic forms and expansions near points z = 0, z = oo 
and near arbitrary point z = zq are found by means of power geom- 
etry methods. The exponential additions to the solutions of studied 
equation are also determined. 



1 Introduction. 

We consider the fourth-order ordinary equation [1-7] 

f{z, w) =^ Wzzzz - 5w'^Wzz + 5wzWzz " 5wwl + - zw - a = (1.1) 

which is one of the fourth-order analogues of the Painleve equations [2-7]. 
It belongs to the class of exactly solvable equations and possesses Backlund 
transformations. Lax pair, rational and special solutions at some values of 
parameter a [1-7]. 

More than one century ago Painleve and his collaborators analyzed a 
certain class of the second-order nonlinear ordinary differential equations. 
Their aim was to find all the second-order canonical equations with the solu- 
tions without movable critical points and to pick out those equations which 
have solutions defining new special functions. As a result of investigations 
Painleve and his school discovered six second-order nonlinear ordinary dif- 
ferential equations which solutions could not be expressed in terms of known 
elementary or special functions. Nowadays they go under the name of the 
Painleve equations and their solutions are called the Painleve transcendents. 
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In the sixtieth of the twentieth century it was shown that the Painleve 
transcendents arose in the models describing physical phenomena as fre- 
quently as many other special functions [7-15]. This fact caused a significant 
interest to the studying of their properties and set a problem to find other 
nonlinear equations defining new transcendents. Equation (jl.lj) belongs to 
the class of such equations. 

Let us also show that the self-similar solutions of the Kaup-Kupershmidt 
equation [16,17] and the Savada-Kotera equation [17,18] can be determined 
by means of ordinary differential equation (jl.lj) . 

The Kaup-Kupershmidt and the Savada-Kotera equations can be written 

as 

ut + Uxxxxx + lOuu^^^ + lOuu^u^^ + 20m\^ = (1.2) 

where we consider the Kaup-Kupershmidt equation, iiv = 1, and the Savada- 
Kotera equation, if = 5 [19,20]. 
Using the self-similar variables 

we obtain 

El = Qzzzzz + IQggzzz + IQQzQzz + '^^g'^Qz -2g - zgz = (1.4) 

and 

E2 = gzzzzz + lOggzzz + '^^gzgzz + '^^g'^gz -2g - zgz = o (1.5) 

for the Kaup-Kupershmidt and Savada-Kotera equations accordingly. 
By means of the Miura transformation 

g = -iwz + w^)/2 (1.6) 

we obtain that the Kaup-Kupershmidt equation in the self-similar variables 
can be presented as 

Using the Miura transformation in the form 

g = wz-wy2 (1.8) 
we can also express the Savada-Kotera equation via equation fll.lj) 

E,= (±-w)-^fiz,w) = (1.9) 
\az I dz 



So we have that the self-similar solutions of both the Kaup-Kupershmidt 
and Savada-Kotera equations can be determined by means of ordinary dif- 
ferential equation 

Painleve equations determine the transcendental functions, so equation 
(jl.lj) is likely to do it too. However there is no exact proof of this statement. 
So it is important to explore the asymptotic forms and expansions of this 
equation. 

The aim of this paper is to calculate all asymptotic forms and expansions 
to solutions of equation To achieve it we use the power geometry 

methods [21-24]. 

The outline of this paper is as follows. In section 2 the general properties 
of equation (jLip are discussed. In sections 3-8 asymptotic forms and expan- 
sions to the studied equation near points z = and 2; = oo are given. It 
sections 9-12 exponential additions for these expansions are found. Finally, 
section 13 is devoted to asymptotic forms and power expansions to solutions 
of equation ()1.1|) near arbitrary point z = Zq. 



2 General properties of equation ( II . II ) . 



The monomials of equation (jl.lj) are corresponded to points Mi = (—4, 1), 
M2 = (-2,3), Ms = (-3,2), M4 = (-2,3), M5 = (0,5), Mg = (1,1) and 
M7 = (0, 0) (if a 7^ 0). Therefore, the carrier S{f) of equation (jl.lj) contains 
points Qi = Ml, Q2 = M5, Q3 = Me, Q4 = Mg (if a ^ 0), Q5 = M3 and 
Qg = M2 = M4. 

In the case a ^ the convex hull of the carrier of equation (jl.lj) is the 
quadrangle with four apexes F^^-* = Qj {j = 1,2,3,4) and four edges F^^'' = 
[QuQ^l f(^) = [Q2,Q3], F^') = [Q3,Q4], Fi^) = [Q,,Q,]. It is presented 
at fig. ^ The external normal vectors Nj {j = 1,2,3,4) to edges F^-^"* (j = 
1, 2, 3, 4) are N, = (-1, 1), N2 = (4, 1), N3 = (1, -1), N, = (-1, -4). They 
form the normal cones U^^^ of ed ges i . 

[/W = {P = AiV„ A>0}, j = 1,2,3,4. (2.1) 

The normal cones Uj'^^ of apexes F^^"* = Qj {j = 1, 2, 3, 4) are the angles 
between the edges that adjoin to the apex. They are given on fig. |21 

If a = 0, the convex hull of the carrier of equation (jl.ljl is the triangle 
with apexes vf^ = Qj {j = 1, 2, 3) and edges f[^^ = [Qi, Q2], F^^^ = [Q2, Q3], 

= [Q3,Qi] (fig. El). The normal cones of equation (jl.ljl in this case are 
presented at fig. (|H). 
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Figure 1 The carrier of equation at a 7^ 



Lattice Z, where the carrier of equation hes, is generated by basis 
vectors (—4, 1) and (1, 1). 

Examining the reduced equations corresponding to bounds F^'^'* (d = 
0, 1; j = 1, 2, 3, 4) we will obtain the expansions of equation ()1.H) . 

The reduced equations corresponding to apexes Tf \ F?-* and T^^^ 



/(O) yj^ = 
/f -^^ = 

/f ) -a = 



(2.2) 



are the algebraic ones and hence they do not have non-trivial power or non- 
power solutions. 

3 Solutions, corresponding to apex rf\ 

Apex F^^"* defines the following reduced equation 



Let us find the reduced solutions 

W = CrZ^, Cr 



(3.1) 



(3.2) 
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Figure 2 The normal cones of equation (jl.lj) at a 7^ 



for uj{l, r) G u['^\ Since < in the cone u[^'' then 00 = —1, z ^ and the 
expansions will be the ascending power series of z. Substituting ()3.2|) into 
f[^^ and cancelling the result by z''"~'^ we get the characteristic equation 

;^(r) t/r(r-l)(r-2)(r-3) =0 (3.3) 

with four roots ri = 0, r2 = 1, = 2, and = 3. Further we shall examine 
them separately. 

Vector R = (1,0) that corresponds to the root ri = being multiplied 
by C(j = — 1 belongs to the cone u[^\ Thus we obtain the family J-'[^^ 1 of 
power asymptotic forms w = Cq with the arbitrary constant Cq 7^ 0. The first 
variation of equation ()3.1|) 

6w dz^ 

gives the operator 



(3.4) 



m = ^ 7^ (3.5) 

with the characteristic polynomial 

i/(A;) = z^-^L{z)z^ = k{k - l){k - 2){k - 3) (3.6) 

The equation i/(A;) = has four roots ki = 0, k2 = 1, k^ = 2, /C4 = 3. As 
uj = —1 and r = 0, then the cone of the problem is /C = {A; > 0}. It contains 
^2 = 1, fcs = 2, A;3 = 3, which are the critical numbers. 
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Thus the expansion of the solution corresponding to the reduced equation 
()3.H) at r = takes the form 

oo 

w{z) = Co + CiZ + C2Z^ + CsZ^ + ^ CkZ^ (3.7) 

k=A 

where all the coefficients are constants, Cq 7^ 0, Ci, C2, C3 are the arbitrary 
ones and Ck {k > 4) are uniquely defined. Denote this family as Cf'^ 1. 
Taking into account six terms, expansion ()3.7|1 can be presented in the form 

w{z) = Co + CiZ + C2Z'^ + CsZ^ + 

+ (a - 10 C1C2 - co^ + 10 csco^ + 5 CoCi^) — + 

+ (co - 20 C2^ + 40 C2C0C1 + 30 csco^ - 30 C1C3 + 5 Ci^ - 5 Co^Ci) + • • ■ 

In the case r2 = 1 the cone of the problem is IC = {k > 1}. Consequently 
there are two critical numbers ^2 = 2, k^ = 3. Likewise the previous case we 
find the family of expansions 

00 

W(z) = CiZ + C2Z^ + CsZ^ + Ckz'' (3.8) 

fc=4 

that is generated by the power asymptotic form J-'[^^2 : w = ciz. Here 
Ci 7^ 0, C2 and C3 are the arbitrary constants. 



6 




For the root r2 = 2 the cone of the problem is K, = {k > 2}. It contains 
= 3 that is the unique critical number. The power expansion correspond- 
ing to the asymptotic form J-'[^^3 : w = C2z'^ takes the form 

oo 

W{z) = C2Z^ + C^Z^ + ^Ckz'' (3.9) 

k=A 

Again C2 7^ 0, C3 are the arbitrary constants. Denote this family as G^^^3. 

For the root ra = 3 the cone of the problem is/C = {k > 3}. There 
are no critical numbers in this case. The expansion of the solution G^i^A 
corresponding to power asymptotic form ^-"[^^4 : w = c^z"^ can be written 
as 

00 

Y^Ckz'' (3.10) 

k=A 

Note, that expansions ()3.8|) . ()3.9|) . ()3.10p are the special cases of expansion 
(HII). 

Obtained expansions converge for sufficiently small \z\. The existence 
and the analyticity of expansions ()3.7j) . ()3.8|1 . ()3.9j) . ()3.1()j) follow from the 
Cauchy theorem. This apex does not define non-power asymptotic forms and 
exponential additions. 
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4 Solutions, corresponding to edge r^^\ 

Edge r^^"* is characterized by the reduced equation 

f[^\z,w) =^ Wz^^^ - 5w^w^2 + 5w;,Wzz -5wwl+ = (4.1) 

and the normal cone u[^^ = {— A(l, —1), A > 0}. Therefore on = —1, i.e. 
z —>■ and r = — 1. Consequently the solution of equation ()4.1|) should be 
looked for in the form 

w = c-iz-^ (4.2) 

From the determining equation 

c_i(c^ 1 - 15 c\ - 10c_i + 24) = (4.3) 

we find the values of coefficient c_i (not equal to zero): clI = 1, c^J = 
—2, c^l = —3, clI = 4. Hence we have four families of power asymptotic 
forms 

J^[^h: w = z~^ (4.4) 

J'f ^2 : w = -2z-^ (4.5) 

J^i^h : w = -3z-^ (4.6) 

J'f U : w = Az-^ (4.7) 

Denote the families of expansions, corresponding to these asymptotic forms 
asG^^\, i = 1,2,3,4. 

Let us compute the corresponding critical numbers. The first variation 



— — = — - - lOw^^w - bw -— + 5w^—^ + bw^z- bw^ - 5 ww^^— + bw 

ow dz^ dz^ dz^ dz dz 

(4.8) 

applied to solutions ()4.2p yields to operator 

( 5c_i(l + c_i) d' 10c.i(l + c^i) d 5c_i^(5-c_i^) 

dz^ z^ dz^^ z^ dz z^ 

Its characteristic polynomial is 

^ ' ' ' (4 10) 

- (6 - 15 c_i - 15 c_i^) A; - 5 c_i^ (5 - c_i^) 

Equation ^{k) = has the roots: 
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1) ki = —2, k2 = 1, = 2, = 5 for c„i = 1; 

2) ki = -2, k2 = 1, fcg = 2, ^4 = 5 for c_i = -2; 

3) ki = —2, A;2 = —3, /^s = 5, A;4 = 6 for c_i = —3; 

4) A;i = -2, A;2 = -8, /cg = 5, k^ = 11 for c_i = 4 . 
The cone of the problem here is 

IC = {k>-l}. (4.11) 

Thus for power asymptotic forms ()4.4j) and ()4.5|1 there are three critical 
numbers (three roots of the characteristic polynomial belong to the cone of 
the problem) and for the power asymptotic forms ()4.6|) and ()4.7p there are 
only two critical numbers. 

The lattice, generated by basic vectors (-4,1), (1,1) and vector (-1,-1), 
corresponding to the shifted carrier of power asymptotic forms ()4.4I - H77j) . 
consists of points Q = m(— 4, 1) + /(1, 1). These points intersect with the line 
q2 = —1 if m + Z = —1, i.e. I = —m — 1. As the cone of the problem here is 
(HTT|l then 

K = {A;=-l + 5m, m G N} (4.12) 
Sets K(l), K(l,2) and K(l,2,5) can be written as 

K(l) = {A; = -1 + 5m + 2/, /, m G N U {0}, I + m =^ 0} = 
= {1,3,4,5,6,7,8,...} 

K(l, 2) = {fc = -1 + 5m + 2/ + 3n, /, m, n G N U {0}, l + m + n^ 0} = 

= {1,2,3,4,5,6,7,8,...} 

K(l, 2, 5) = {A; = -1 + 5m + 2/ + 3n + 6j, j, /, m, n G N U {0}, j + I + m + n 0} = 

= {k, ke N} 

In this case expansion generated by family ()4.4|) takes the form 

^W = ^ + 5Z4'^^' (4.13) 

fceN 

The critical number 1 does not belong to the set K that is why the 
compatibility condition for ci holds automatically and ci is the arbitrary 
constant. The critical number 2 also does not belong to the sets K, K(l) 
and thus C2 is the arbitrary constant. However the critical number 5 lies 
in the sets K(l) and K(l,2). As a result it is necessary to verify that the 
compatibility condition for C5 is true. It holds, so C5 is the arbitrary constant 
too. 
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The three-parametric power expansion that corresponds to power asymp- 
totic form ()4.4j) is as follows 

w{z) = - + ciz + C2Z^ + \ ci^z^ -^{l + a)z^ + c^z^+ 
z A 6b 

(90c2Ci-7-25a);.6+ 

[l 1 2 1 4 1 ^ 7 

-|- - Ci H Co Ci H Ci H Co \ z + . . . 

V6 18 192 ^ 540 7 

where q = c^^\ z = 1, 2, 5 are the arbitrary constants. 

In the same way we obtain that asymptotic form ()4.5p also corresponds 
to three-parameter power expansion 

^(^) = -i + Zl^i'^^' (4.14) 

fcGN 

Taking into account seven terms it can be presented as 

W[Z) = h CiZ + CoZ Ci -2 + a CiCo z + c^z + 

^ ' z 2 V18 36 2 7 ^ 

^ lio -71 + 40 a) z'^+ 

/ 2 89 4 19 14 2 1 \ 7 

+ — CiC^i Ci Co H Co Ci H CoQ; ] z + . . . 

V 3 24 ^ 540 9 54 ^ y 

(2) 

where Ci = c] , i = 1,2,5 are the arbitrary constants. 
Sets K(5), K(5,6) and K(5, 11) are as follows 

K(5) = {A; = -1 + 5m + 6/, /, m e N U {0}, l + m^ 0} = 
= {4, 5, 9, 10, 11, 14, 15, 16, 17, 19, ...} 



(4.15) 



K(5, 6) = {A; = -1 + 5m + 6/ + 7n, m,l,n eNU {0}, I + m + n ^ 0} = 
= {4,5,6,9,10,11,12,13,14,...} 

(4.16) 



K(5,ll) = {k 



4 + 5m + 6/ + 12fc, I, m,n eNU {0}, I + m + n 0} = 
= {4, 5, 9, 10, 11, 14, 15, 16, 17, 19, ...} 

(4.17) 
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Using the discussion as described above, we obtain two-parametric family 



y^{z) = --+ 4'^^' (4.18) 



z 

A:eK(5,6) 



that can be presented as 

wiz) = — - — I a] 2;'' + c^z^ + CqZ^ — 

— (a - 3) (40 a - 127) z^ + — C5 (2307 - 755 a) z^°- 

931392 ^ ^ ^ ^ 131040 ^ ^ 

/ 31 2 547 3 \ 11 

~^156'^ ~ 38220 + 637 "''"r 

(3) 

where q = \ i = 5,6 are the arbitrary constants, and two-parametric 
family G^^h 

wi^) = -+ E 4'^^' (4.19) 



z 

fcGK(5,ll) 



that can be written as 



+ 475^ (a + 4) (25 a + 37) + ^ (6 + 5 a) ^•»+ 

+cii^^^ + — 7 (a + 4) (220 + 1235 a + 1126) + . . . 

2106763997184 ^ ^ ^ ^ 

where Cj = cf \ i = 5, 11 are the arbitrary constants too. 

Obtained expansions converge for sufficiently small \z\ and have no expo- 
nential additions. The reduced equation 1)4.11) also does not have non-power 
solutions. 

5 Solutions, corresponding to edge r2^^. 

Edge is characterized by the reduced equation 

ff\z,w)=^w^-zw = (} (5.1) 

and normal cone 1/2^^ = {A(4, 1) = 4A(l,l/4), A > 0}. It means that r = 
1/4, 0; = 1, z — > 00 and solution of this reduced equation is w = ci/^z^^*. 
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Substitution this expression into equation ()5.H) and cancellation the result 
by z^l'^ yields to determining equation 01/4(0^^^ — 1) = 0. Thus we have four 
families of power asymptotic forms 



: 


w 


— 1-1/4 ^ ' 




(5.2) 


T^^h : 


w 


— t-i/4 Z , 


c^') --1 

'^1/4 — ^ 


(5.3) 


T'ih : 


w 


t-1/4 ^ ) 


(3) 

Ci/4 — ^ 


(5.4) 


: 


w 


— t-i/4 ^ 5 


(4) 

Ci/4 — « 


(5.5) 



Since the reduced equation 1)5.11) is algebraic one and the roots of the deter- 
mining equation are simple then asymptotic forms do not have proper (and 
consequently critical) numbers and z/(A;) = const 7^ 0. 

The shifted carrier of the power asymptotic forms ()5.2|) - ()5.5|) gives a 
vector (1/4,-1). Points belonging to the lattice generated by this vector 
and the basis vectors (-4,1), (1,1) are the following Q = (^1,^2) = 1) + 
/(1/4, —1) = (m + 1/4, m — I) where m, I are whole numbers. At the line 
g2 = — 1 we have qi = —1 + 5/4/. Taking into consideration that the cone of 
the problem is /C = {A; < 1/4} we find the set K 



K = {fc = -1 - 5^/4, /GNU {0}} (5.6) 
The expansions to solutions can be written as 

00 

G?n : w{z) = ^H(z) = c^;f,z^/^ + dt.i/. -"^"^'/^ (5-7) 

1=0 

In this expression coefficients can be sequentially computed. The 

calculation of the coefficients c_i yields to c_i = a/4. Taking into account 
five terms, we obtain 



w{z) = ip'-'{z)=c'-^V,z^'- + 

[ (365a^ + 3210^2 + 590a + 2013) 

+ . . . 



' A z 32 ^9/4 

(n) 

1/4; V"" -r -j; 1 



5 (4/^)^8"^ + 29a + 3) 1 c[/i (365a^ + 3210a2 + 590a + 2013) 



256 z7/2 2048 z^'^l^ 

The obtained expansions seem to be divergent ones. 
Non-power asymptotic forms do not correspond to edge r2^'' but it gen- 
erates exponential additions which will be computed later. 
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6 Solutions, corresponding to edge r^^\ 

Edge rg^"* exists if a 7^ 0. It is characterized by the reduced equation 

f^\z,w) —zw — a = (6.1) 

and the normal cone f/g^"* = {A(l, —1), A > 0}. In this case r = —1, uj = 1, 
z — > 00 and power asymptotic can be presented in the form 

J^^l : ^ = = ~« (6-2) 

As equation ()6.H) is algebraic one and 

r,^k) = z~'-^ = -l (6.3) 
dy 

then the solutions of equation ()6.1|) do not have critical numbers. The cone 
of the problem is/C = {k < —1}. The shifted carrier of the power asymptotic 
()6.2j) gives the vector (—1,-1), which belongs to the lattice generated by the 
carrier of the studied equation. So we obtain the set K 

K = {k = -1 - 5m, meN} (6.4) 

Therefore we can determine the power expansion, corresponding to the asymp- 
totic form ()6.2p 

00 

G^i^ : w{z) = ^{z) = — + J2 ^-^-^rn z-'-'^ (6.5) 

m=l 

In this expression all coefficients can be sequentially found. Taking into 
account three terms, it can be rewritten as 

, , , a P P(5a^- 295«2^ 270« + 3024) 

w{z) = cfiz) = ----, ;n + ■ • ■ 

where 

P = a(a + l)(a-2)(a-3)(a + 4) (6.6) 

and all other not written out coefficients are proportional to this factor. 
Hence if P = this expansion determines the simplest exact rational solu- 
tions of equation p.lj) . 

Edge Fg^'' does not generate non-power asymptotic forms but it defines 
exponential additions, which will be found below. 
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7 Solutions, corresponding to edge r4^^. 

Edge r4^'' exists, if a 7^ 0. It defines the following reduced equation 

fi^\z,w)'^= w^^^^-a = (7.1) 

and the normal cone u[^^ = {— A(l,4), A > 0}. Thus uj = —1, i.e. z ^ 0, 
r = 4 and we have the unique family of power asymptotic forms 

^fl: w = c,z\ C4 = ^ (7.2) 
Let us find the critical numbers. The first variation of equation 1)7.11) is 

6w dz* ^ ' 

The proper numbers are ki = 0, k2 = 1, ks = 2, /C4 = 3. None of them 
belongs to the cone of the problem )C = {k > 4}. Consequently there are no 
critical numbers here. 

Vector, corresponding to the shifted carrier of asymptotic form ()7.2p is 
(4,-1), so it belongs to the lattice generated by the basis vectors. Therefore 
set K is 

K = {fc = 4 + 5m, meN} (7.4) 
and the power expansion can be written as 

Hz) = zU^ + f^c,^,mz'A (7.5) 

V m=l / 

All the coefficients can be uniquely computed. Taking into account three 
terms, we can write this expansion G^^^l as 

1 4 (10 a -1) q (3120 a^- 185 a + 2) 

w(z) = —a z^ - az^ + a z^^ + . . . 

^ ' 24 72576 3487131648 

The obtained expansion can be considered as the special case of expansion 
()3.7p at Co = Ci = C2 = C3 = 0. It converges for sufficiently small \z\. 

Edge r4^'' does not define exponential additions and non-power asymptotic 
forms. 
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8 Solutions, corresponding to edge r^^\ 



Edge T^^ exists, if and only if a 



The reduced equation which corresponds to the edge T^^^ , takes the form 

ff\z, w) =^ w^^^^ - zw = (8.1) 

It does not possess solutions in the form w = CrZ''', except of the trivial one 
w = 0. But edge T^^^ defines non-power asymptotic forms of equation ()1.1|) . 

As edge T^^ is the horizontal one, we can use the logarithmic transfor- 
mation 

dlnw , . 

Hence we have the relations 

w' = yw, w" = iy' + ?/^)w, w'" = {y" + 3yy' + y^)w, 



w 



"" ^ {y'" + Ayy" + 3y'' + Qy^ + y')w 



After application this transformation and after cancellation of the result by 
w equation ()8.1|1 can be rewritten as 

h{z, y) y'" + Ayy" + 3y'' + Qy^ + y^-z = Q (8.3) 

The carrier S{h) of this equation consists of the following points: Mi = 
(-3,1), M2 = (0,4), M3 = (1,0), M5 = (-2,2) and = (-1,3). 

Their convex hull T{h) is the triangle (fig. E)). The normal cones of its 
bounds are presented at fig. El 

According to [23], the cone of the problem here is pi + ^2 > 0, pi > 0. It 
intersects with the normal cones Uf \ Uf \ U^^^ only. So we should examme 
the reduced equations which correspond to the bounds fg^'', i'f\ "^2^^ ■ 

Apexes ff^ and ff^ are characterized by the algebraic reduced equations 

= and —z = accordingly, so they do not give suitable solutions. 

Edge defines algebraic reduced equation 

y^-z = (8.4) 

which has four suitable solutions y^'^\z) = Cy^z^^'^, where Cyf^ = ±1, Cyf^ = 
±i, r = 1/4: and a; = 1 ^ 2; — > 00. These solutions do not have critical 
numbers. 

Using the inversion to transformation ()8.2|1 . we obtain four weak asymp- 
totic forms for solutions of equation (jl.lj) near z ^ 00 



w{z) 



Ciexp (^4;;!^^/^) 
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Figure 5 The carrier of equation ()8.3|1 . 



where n = 1,2,3,4 and C\ is the arbitrary constant. 
Now let us obtain the strong asymptotic forms. 

The lattice of the shifted carrier of equation ()8.3|) is generated by vectors 
(1/4,-1) and (1, 1). Taking into account the cone of the problem /C = {A; < 
1/4}, we find set K 



K = {A; = 1/4-5//4, / G N} 
So equation ()8.3j) has solutions in the form 



» = + E 4/1-5^4 ^ n = 1, 2, 3, 4 (8.6) 



where the coefficients Cy^_^ii^ are uniquely defined. The coefficient c^i'/ does 

not depend on n: c^^l = —3/8. Taking into account transformation ()8.2|) . we 
get 



lnw= I ydz=Uff,z'" + Co-\\r.z + Y^ 

1=2 



Ac 



l/4-5«/4 5(i_/)/4 

A/ 



5(1-0 



In this expression Cq is a constant of integration. So we obtain 



w{z) 



^3/8 



exp 



i>) ^5/4 , ^V4-5//4 ^5(l-;)/4 

5^1/4^ 5(1_/) ^ 
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u 



(1) 







Pi 





-4 -3 -2 -1 



2 3 4 



frd)/ 



Figure 6 The normal cones of equation ()8.3j) . 

Taking into account three terms of the series, the obtained non-power strong 
asymptotic forms of equation (jl.lj) . existing under a = 0, can be written as 



4 («) ^5/4 _^ 1 



+ 



45 



_5 32 c5")z5/4 256 (c("i)2^5/2 



9 Exponential additions of the first level for 
expansions, corresponding to edge r^2^ . 

Let us find exponential additions of the first level for expansions (j5.7j) . 
corresponding to edge r'^\ 

We are looking for solutions in the form 

w{z) = ip{z) + u{z) (9.1) 

Here and later we use the notation Lp = u = u^'^\ n = 1,2, 3, 4. 
The reduced equation for the addition u{z) is a linear equation 

M^^\z)u{z) = (9.2) 

where M^^\z) is the first variation of equation (jl.lll at solution w{z) = ^{z). 
As long as 



5f 



6w dz^ 



d^ 



rf2 



d 



d 



+ 5^22- lOwWz-. 5wl + 5w^ — z 

dz^ dz dz 

(9.3) 
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then 

M(^) {z) = —- 5{ip^ + - 2w.)^ - 5</^' - lOy?^,, + ^^^-z 

(9.4) 

and equation ()9.2p can be rewritten as 

d^u ^, 2 ^(Pu ^, ^ .du 

d?-'^"" + (9.5) 



Assumed that 



[5ip^ + lOifiifzz - 5(p + z]u = 



C(.) = ^ (9.6) 



we have 



du d^u 2 d^'^ > >s 

d^M 

^ = + + Klu + 6C'C.w + Cu 
Using these expansions, from equation ()9.5j) we obtain 

Czzz + KCzz + 3C| + K\z + - 5(<^' - <^.)(C. + C')+ 

+ 5C(</^.. - 2^^,) + 5(/^^ - 5¥^2 _ iOy,y,^^ - 2; = (9.7) 
The carrier of this equation consists of points 

Qfc,2 = f i - -X 2] , Qo,3 = (-1, 3), Qo,4 = (0, 4), (^-^ 



2 4 



A; e NU {0} 



where the doubled index in the points numeration is introduced for the no- 
tation convenience. 

The convex hull of these points is the string, presented at fig. [7| 
It should examine the edge, passing through points Qo,o = (1)0), (5o,2 = 
(1/2,2) and (5o,4 = (0,4), the external normal here is = (4, 1). This edge 
is corresponded by reduced equation 

h?{z, C) '= - 5ci/,V^e + (5cl/4 -l)z = (9.9) 
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where Ci/4 is the highest coefficient of expansion (f{z) and can have four 

(n) 
1/4' 



possible values c'^)^, = 1,2,3,4 (see ()5.2|l - ()5.5j) ). Taking into account, that 



Vn =^ ('^["4)'^ = 1, for each value of Ci/4 we obtain four solutions of equation 

dnini) 

Ciz)=g^/,z'/^ (9.10) 

where 

^ , _ (n; «={1,2,3,4}) _ , («) / S ± 3 

Reduced equation ()9.9p is algebraic one, so it does not have critical numbers. 

The shifted carrier of reduced solutions ()9.10|) gives the vector (— 1/4, 1), 
which belongs to the lattice, generated by the points of the carrier of equation 
()9.7|1 . The basis vectors of this lattice are (5/4,0) and (1,1). So we can 
present the points of this lattice in the form 

At the line q2 = —1 we have k = —1 and hence gi = — 1 + 5m/4. Since the 
cone of the problem is /C ={/;;< ^j, set K can be written as 

K=(l^,fcGNl (9.11) 



4 

Power expansions to solutions of equation ()9.7|) are 

C(.) = &^^\z) = g^-fz'l' + gt;%,z^'-''^^\ n,l = 1,2,3,4 

(9.12) 
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where coefficients 5'("l5fc)/4, k can be uniquely determined. 
For example, coefficient g]/i can be expressed as 

10as(s2 - 2) - 5 s3 - 15 s2 + 24 



1/4 

9-1 



8(5s2 - 8) 



that for different values of gives values (Sa — 2)/12, 
19) /24 or (-10a + l)/24. 

Using the inverse transformation to ()9.6|) 

u{z) = Cicxp J Ciz)dz 

we can compute the exponential additions 



(n, I) 

Ci 2:^-1 exp 



(n,l) 5/4 V- 

^1/4 ^ +2^5(1 

k=2 ^ 



Cl/4 

-5a-7)/12, (10a- 



(9.13) 



Jn,l) 5(l-fc)/4 
y{l-5fc)/4^ 



k) 



n,l = 1,2,3,4 



(9.14) 

Here Ci and later C2 and C3 are constants of integration. 

So for each expansion C'^^n we have found four one-parametric families 
of additions G^^'^nG^^h {n,l = 1,2,3,4). 

Additions u^'^'''\z) are exponentially small at 2; —> 00 in those sectors of 
the complex plane z, where 



Re 



yi/4 ^ 



< 



(9.15) 



10 Exponential additions of the second level, 
corresponding to edge r2^^. 

In this section we compute the exponential additions of the second level 
v{z), i.e. the additions to the solutions ({z). The reduced equation for this 
addition takes the form 

M^^\z)v{z) = (10.1) 

where operator M^'^\z) is the ffist variation of ()9.7|) at solutions Ciz). Equa- 
tion ()10.1|) can be rewritten as 

^ + 4C^ + (6C. + 6C^-5^^ + 5^.)-+ 

+ (4C.. + 12CG + 4C' - 10^'C + 10<^.C - lOw. + 5<^..)t' = (10.2) 
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Making the transformation of variables 

dlnv 



dz 



;io.3) 



we have 



dv 



d\ 



dz ~' ' dz"^ 
and equation ()10.2|) transforms to 



d^v 
d^ 



U + see. + + 4C(6 + e') + (6C. + 6C' - 5<^' + 5v9.)e+ 

+ 4C.. + 12CC. + 4C' - 10y^\ + lOy^.C - lOw. + 5<^.. = (10.4) 

The carrier of this equation consists of points 



Qo,3 = (0,3), gfc,2= (^-^^>2 



'3 5 



G NU {0} 



(10.5) 



Their convex hull is the string, presented at fig. |H1 To obtain the 
exponential additions it should examine the edge, passing through points 
Qo,3 = (0,3), go,2 = (1/4,2), Qo,i = (1/2,1) and Qo.o = (3/4, 0). The 
reduced equation corresponding to this edge is 

+ ^xi^z^'^e + [6^/?/4 - + [4^7?/4 - 10(7i/4C?/4];2'/' = (10.6) 




Figure 8 The carrier of equation ()10.4p 
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Solution of equation p0.6|) can be presented in the form 

^z) = n/,z'/' (10.7) 
where ri/4 is one of the roots of the cubic equation 

r' + 4 gy^ + (6 gl,^ - 5 c?/^) r + 4 gl,^ - 10 51/4 c?/4 = 0. (10.8) 



and, therefore, also depends on ci/4 = c"^^ and 5"^^, n, / = 1,2,3,4. Solving 
this equation we obtain 



r 



{n,l,m=l) ry (n, m={2,3}) 



1/4 - '^9l/i, ^^1/4 - -5-1/4 ± - 5^/4 

Lattice, corresponding to the shifted carrier of equation ()l().4j) . can be 
generated by vectors (1, 1) and (5/4, 0). Vector (—1/4,1), conforming to 
the shifted carrier of reduced solutions ()10.7p . belongs to this lattice. So set 
K coincides with (19.1111 and power expansions of functions ^("''''")(2;) can be 
written as 

e(.) ^ e(-''-)(z) = rtfi^-\''' + y: r^;'\:^/.^^'~''^'\ 

fceN (10.9) 
n,Z = l,2,3,4; m = l,2,3 

where coefficients ^'^^I'l'^y^^-, /c G N can be uniquely determined. 

So we have found exponential additions t)("''''")(2;) to solutions C^'^'^^z) 



v{z) = i;("'''")(z) = Ca^"-"'''"" exp 



Z J"^' ^5/4 I ^ Jn, l,m) 5(l-fc)/4 

k=2 ^ ' 

:,3 

(10.10) 



n=l,2,3,4; / = 1,2,3,4; m = l,2,3 



They are exponentially small at z ^ 00 on condition that 



Re 



{n,l,m) 5/4 
'1/4 ^ 



<0 (10.11) 



11 Exponential additions of the third level, 
corresponding to edge r2^^. 

In this section we are looking for exponential additions of the third level 
0{z), i.e. additions to the solutions C,{z). The reduced equation for addition 
9{z) is the following 

M^^\z)9iz) = (11.1) 
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Operator M^^\z) can be found as the first variation of ()10.4|) at solutions 
^{z) and then equation (jll.lj) for function 6{z) can be rewritten as 

9zz + (3^ + ^C)dz + (3^. + + sec + 6C. + 6C' - 5(^2 + ^^^^q = q (11.2) 

Using new variable rj, satisfying the relation 



d\n9 

dz 



(11.3) 



and taking into account that 



d9 



d^e 



dz dz^ 
we obtain, that equation pi.2|) transfers to equation 

r], + r]^ + (3e + 4C)r7 + 3^. + 3^' + S^C + 6C. + 6C' - 5ip^ + 5ip, = (11.4) 

The carrier of this equation is composed of points 



Q„,, = (0,2), 



4 4 



Qk,o ~ { 2~ 4^' "'" 



k G NU{0} 
(11.5) 

The convex hull of these points is the string, presented at fig. IHl To ob- 
tain the exponential additions it should examine the edge, passing through 
points (5o,2 = (0,2), Qo,! = (1/4,1) and Qo,o = (1/2,0). Reduced equation, 
corresponding to this edge, can be written as 

+ (3ri/4 + 4gi/i)z'/^r] + {Srl/^ + Sry^gy^ + Gg^^^ - 50^/4) z'/^ = 

(11-6) 

where Ci/4 = c["^, 5(1/4 = 5(j"f , ri/4 = rj"^''"'^ nj = l, 2, 3, 4, m = 1, 2, 3. 




Figure 9 The carrier of equation ()11.4p 
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Solution of equation ()11.6|) can be presented as 

where gi/4 is one of the roots of the quadratic equation 

+ (3ri/4 + 45(1/4)5 + 3rL + 8ri/45(i/4 + 65(^4 - 5c' 



-1/4 



;ii.7) 



:ii.8i 



Solving this equation we obtain 



{n,l,m,p={l,2}) 



?l/4 



- ri/4 - 2 51/4 ± ^ \/20 cf/4 - 3 - 8 ri/4 51/4 - 8 gf^^ 



The lattice of the shifted carrier of equation ()11.4|) can be generated by 
vectors (1, 1), and (5/4, 0). So set K coincides with fj9.11|) . Power expansions 
for 7^('^'''"^'P)(2;) can be presented as 



m,p) (l-5/c)/4 
5fc)/4 ^ ' 



fceN (11.9) 
n,l = 1,2,3,4; m = 1,2,3; p = 1,2 

where coefficients ^'(^15^/4'', A; G N can be uniquely determined. 

So, exponential additions j/("'''™'P)(2;) to solutions ^("'''™)(2;) can be writ- 
ten as 

e{z) = ^(".'.'».p)(2) = 

{n, I, m, p) 



exp 



4 (n,«,ni,p) 5/4 4 

5 ^1/4 ^ 



A:=2 



Jn,l,m,p) 5{l~k)/4 

A;)%-5fc)/4 ^ 



n,/ = 1,2,3,4; m = 1,2,3; p = 1,2 (11.10) 
They are exponentially small at 2; — 00 if 



Re 



(n,l,m,p) 5/4 
1/1/4 ^ 



< 



:ii.ii^ 



Thus for expansion ()5.7|) to solutions of equation (jl.ip near z = 00 three 
levels of exponential additions have been found. Therefore, solutions w{z) at 
z —* 00 can be written as 



w{z) = ^(")(^) + 



-|-exp 



dz(c^^''\z) + 



exp 



( e^"'''™)(2) + 



exp 



dzr]^'''^'"''P\z] 



where n, / = 1, 2, 3, 4; m = 1,2,3; p = l,2. 
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12 Three levels of exponential additions, cor- 
responding to edge r^^\ 

Let us find the exponential addition of tlie first level u{z) to expansion 
i.e. 

w{z) = ^{z) +u{z) (12.1) 

To obtain this addition we use the technique, described in section 9. 
Using new variable 

Ciz) = (12.2) 

we obtain equation for ({z) 



;i2.3) 



Czz. + + 3C' + QC% + C- 5(^2 - ^,)(C. + C')+ 

+5C(^22 - 2^^^) + 5^^ - 5ifl - lOipifzz - z = 

The carrier of this equation consists of points 

Qfc,o = (1-5A;,0), Qk,i = i-3-5k,l), 
Qk,2 = {-2-5k,2), Qo,3 = (-l,3), Qo,4 = (0, 4), (12.4) 

keNU{0} 

The convex hull of these points is the string, similar to one, presented at 

fig. HI 

The reduced equation, corresponding to the edge, passing through points 
Qo,o = (1)0) and (5o,4 = (0,4), can be written as 

/^l'H^,C)'= ?-^ = (12.5) 
This equation has four solutions in the form 

Ciz) ^ (12.6) 

where g^/^ = 1, i.e. s-f/^^'^" = ±1, fi'i!?!^" " 

The shifted carrier of equation ()12.3|) lies in the lattice with the basis 
vectors (1,1) and (0,5). Together with vector (-1/4,1), corresponding to 
the shifted carrier of reduced solutions p2.6|) . they generate the new lattice 
with the basis vectors (—1/4, 1) and (0, 5). The cone of the problem here is 
/C = {fc < |}, then we get 

K=!^—^,keN] (12.7) 
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Hence power expansions, conforming to reduced solutions ()12.6|) can be writ- 
ten as 

Ciz) ^ C^')(^) = 5^f;,zV4 ^ ^ / = 1,2,3,4 (12.8) 



fee N 



where coefficients fi'(f_5fc)/4, G N can be uniquely determined. 
Taking into account three terms, we can write 

C«(.) = gfU/' - -Z-' + — + . . . 

s V ; yi/4 g ~(0 

yi/4 

As the process of calculations of the exponential additions of the second 
and third levels coincides with that described in sections 10 and 11, let us 
just list the results here. 

The second level of additions takes the form 



fce N 

/ = 1,2,3,4; m = l,2,3 



;i2.9) 



where coefficient ^^z™"* can take on three possible meanings 

'l/4 — 'l/4 —I J- IC iJC/^y^ 

and coefficients r^'^^^ki^i ^ ^ ^ are uniquely determined. 

The exponential additions of the third level can be presented as 

fceN (12.10) 
n,/ = 1,2,3,4; m = 1,2,3; p = 1,2 

where 



'?l/4 --2^1/4 ^5'l/4± 2 1/4 +^^1/4 5'l/4 + « l5'l/4 

and coefficients $!!'i™5^/4, /c G N can be uniquely computed. 

Taking into account three levels of exponential additions, we can write 
solutions w{z\ &X z ^ oo in the form 



w{z) = (p{z) + 



-|-exp 



dz(c^^^\z) + 



exp 



dz ( ^^^'""^z) + exp ( dz?j^^^'^'P\z) 



where Z = 1,2,3,4; m = l,2,3; p = l,2. 
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13 Expansions to solutions of equation ( 11.11 ) 
near arbitrary point z = Zq. 



In sections 3-9 we obtain all the expansions near points z = and z = oo. 
To obtain the expansions to solutions of equation near arbitrary point 
z = Zq, we use the substitution z' = z — Zq. Then we get equation 



Comparing this equation with equation (jl.lj) we see, that it has the additional 
term —ZqW, therefore, the carrier of this equation contains all the points of 
the carrier of equation ()1.H) and one additional point Qj = (0,1). The 
convex hull of equation ()13.1|) coincides with quadrangle, presented at fig. [H 
if a 7^ 0, and with triangle, given on fig. IHl if a = 0. Point = (0, 1) is 
the inner point, so it has no influence on asymptotic forms of solutions of 
equation ()13.1|1 . 

If 2; ^ Zq, then z' -H> 0. Analyzing the expansions to solutions of equation 
(jLip . we see, that expansions near z' = z — Zq = correspond to apex Qi 
and edges Fi and r4 only. 

As described above, there are four asymptotic forms, corresponding to 
apex Qi (see section 3) and one asymptotic form, corresponding to edge r4 
(see section 7). Power expansions, conforming to these asymptotic forms, 
can be generally written as 



where cq, ci, C2 and C3 are the arbitrary constants. If ci = ci = C2 = C3 = 0, 
this expansion corresponds to edge otherwise it conforms to apex Qi. 

Edge Pi also generates four asymptotic forms, and, using the discussion, 
similar to presented in section 4, we obtain four families of expansions 



Wz'z'z'z' — ^w'^Wz'z' + ^Wz'Wz'z' — 5wwl, + — 



z'w — ZqW — a = (13.1) 




120 



+ . . . 



W{z) = {z- Zq) ^ + Ci{z - Zq) + C2{z ~ Zq)"^ + 



+ - 1) (^ - ^0)^ - (i + ^) - -0)^ + C,{Z - ZQf + 

^ M 7 5 ^ 1 2 V ^6 
+ Zq Co Ci CiO; H Ci Co \ [Z ~ Zq) - 

\160 2880 576 32 7 ^ ^' 
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W{z) = -2{z - Zq) ^ + Ci{z - Zo) + C2iz - Zq) + 

18 2 



+ 



10 



+ 05(2; - Zof' + 



2 
21 



{z - z^f + 



36 



71 1 



+C5(^ - ^o)'+C6(^ - ^o)'-^(^ - ^0)'+^^ (95 a - 299) {z - ^0)'+. . . 



+ - + 5^^" - + 22l^ + 5a)iz- zof+ 
( 137 1 37 25 2V _ ^9 

^ U75OO992 + 2992 ^° + 11875248 ^ 47500992 j + 

^ 1^0 (6 + 5 «) - ^0)^° + cii(^ - ^o)^^ + ■ ■ ■ 

where Ci, C2, C5, and Cn are the arbitrary constants. 

All the expansions, presented in this section, converge for sufficiently 
small \z\. 



14 Conclusion. 



In this paper we have shown that the self-similar solutions of both the 
Savada-Kotera equation and the Kaup-Kupershmidt equation can be ex- 
pressed via the solutions of one of the fourth-order analogues of the second 

Painleve equation. By means of power geometry methods we have got all 
power and non-power asymptotic forms of solutions of studied equation and 
all power expansions, corresponding to these expansions. 
Let us briefly review the obtained results. 

Near 2; = we have found four-parametric family G^i^l, three-parametric 
families 0^2, G^^h, G^^h, two-parametric famihcs ^^^3, G^^h, G^^A, one- 
paramctric family g[°'*4 and family G4^''l(if a 7^ 0). Families G^°'*2, G^°'*3, 
G'f^'i and Cj^"*^^! arc the special cases 

Similar expansions have been obtained near arbitrary point z = zq ^ 00. 
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Near point z = oo we have found families of expansions G2 n {n = 
1,2,3,4) and Gs^^l (if a 7^ 0). For each of these expansions three levels 
of exponential additions have been computed. If a = 0, four families of 
non-power asymptotic forms near z = 00 have been calculated too. 

Expansions G^^n {n = 1,2,3,4) were found earlier [3,7], while all other 
expansions are the new ones. 

The comparison between expansions, obtained in this paper, and ones, 
corresponding to the Painleve equations [25-29] and their other fourth-order 
analogues [30,31], confirms the hypothesis that the fourth-order equation 
()l.ip determines new transcendental functions. 

This work was supported by the International Science and Technology 
Center (project B1213). 
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